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Nuclear  magne t ic  resonance in crystals .  By D. W. McCALL and R. W. HAMMINg, Bell Telephone Labora- 
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Dr. J. M. Dereppe, Dr. Pedro W. Lobo and Ing. R. Touil- 
laux, of the  Laboratoire de Chimie Physique,  Louvain,  
Belgium, have drawn our a t ten t ion  to a number  of errors 
in our paper under  the above title (McCall & Hamming,  
1959). 

The coefficient of the te rm abSc2d, in equat ion (3), 
should be 108. 

The x on the thi rd  line of equat ion (5) should be + .  
The expressions for h(Op, 5) and h(Op, 6) are inter- 

changed in equations (7). These quanti t ies  should be 
given as : 

h(Op, 5) =a65 sin 20p +as~ sin 40p 

h(Op, 6) =a06(1 - c o s  40p) +a2~ (cos 20p - c o s  40p) 

The s t a t ement  'A sufficient set of measurements  
consists of 0-dependences at  ~p = 0, ~/4, z/2 and a ~-de- 
pendence at  0p=~/2. '  (near the bo t tom of the  first 
column, page 83) is incorrect. These allow for the deter- 
mina t ion  af A, B, C, L, M, R, S, U, V but  not  D, E, F,  
G , N , Q .  

The first sentence at  the top of the second column of 
page 83 should read:  g(q~p,n)=0 for n =  1, 3, 5, 7 for any 
0-dependence at  constant  T and h ( 0 , m ) = 0  for m =  1, 3, 
5, 7. 

Certain errors appear in Appendix V. The correct rela- 
tions for these cases are: 

L = 6a~6 - -  8a06 

S = 8a0~ - 10a26 - 8aes 
U = 8a06 - 10a26 + 8aes 

M = 7a02 + 3a42 - (5/2)a00 + (19/6)a20 - (7/6)a40 • 

Appendix VI  is sufficiently in error tha t  it should be 
disregarded entirely. A corrected table for A, B, C, L, M, 
R, S, U, V follows. 

R E V I S E D  A P P E N D I X  VI 

A = (15/4)g(0, 0) + (21/4)g(0, 2) + (7/4)g(0, 4) 

- (3/2)g(~/2, O) - (7/2)g(z/2, 4) + 2h(~/2, 4) 

B = - (19/6)g(0, 0) - (23/6)g(0, 2) - (1/2)g(0,4) 

+ (2/3)g(~/2, O) + (lO/3)g(z~/2,4) - (4/3)h(~/2, 4) 

C = (5/12)g(0, 0) - (5/12)g(0, 2) -(1/4)g(0,  4) 
+ (1/6)g(z~/2, 4) + (5/6)g(~/2, O) - (2/3)h(~/2, 4) 

L = - 8g(~/4, 0) + 4g(0, 0) + 4g(z/2, 0) - 6h(~/2.4) 

- 3h(z/2, 6) 

M = (5/2)g(0, 4) - (ll/3)g(zc/2, 4) + (23/6)g(0, 0) 

- (19/3)g(~/2, 0) + (19/6)g(0, 2) + (8/3)h(z/2, 4) 

R = (17/4)g(0, 0 ) -  (1/2)h(z~/2, 2 ) -  2g(~/2, 0 ) -  2h(~/2, 4) 

+ (9/4)g(0, 4 ) -  (15/4)g(0, 2) 

S = 8g(~/4, 0) -- 4g(0, 0) - 4g(~/2, 0) + 6h(~/2, 4) + 5h(~/2, 6) 

+ 4h(z/2, 8) 
U = 8g(~/4, 0) - 4g(0, 0) - 4g(~/2, 0) + 6h(~/2, 4) 

+ 5h(~/2, 6) - 4h(z/2, 8) 

V = (1/4)g(0, 0) - (15/4)g(0, 2) + (9/4)g(0, 4) + 2g(~/2, 0) 
-(11/2)h(~/2,  2 ) -  2h(z/2, 4) 

The quanti t ies  D, E, F, G, N, Q can be found by an 
addit ional  ~-dependence at  0p =z /4 .  

We are indebted  to Dr. Dereppe, :Dr. Lobo and Ing. 
Touillaux for considerable efforts in the preparat ion of 
this communicat ion.  
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I n t r o d u c t i o n  

I t  is well known tha t  the signs of the uni tary  structure 
factors U(h), U(h'),  U(h + h ' )  are related by 

S(h) ~ S(h ' )S(h  + h ' ) ,  (1) 

where S(h) denotes the sign of U(h) etc, with a probabil i ty 
increasing wi th  increasing IU(h)U(h')U(h+h')l .  One 
way in which this relation has been applied to certain 
plane groups (Grant, Howells & Rogers, 1957) uses 
special relations between S(Okl) and S(OTcl) etc for these 
groups: e.g. in plane group pgg S(Okl)=S(Okl) for (k+l) 
even, and S(O/cl)=-S(Okl) for (k+l) odd. Such terms 
may  be said to be symmetry-rela ted.  Only reflexions 
of high uni tary  structure factor are used, and a necessary 
step is a procedure for finding all the relations of type (1) 

which exist be tween the  reflexions considered. An im- 
por tan t  par t  of the  me thod  is the  recognition of 'coin- 
cidences'. These are two or more terms h occurring 
with the same pair of terms h ' ,  h + h ' ,  or their  symmetry-  
related terms, in a relation of type (1): e.g. in plane 
group pgg the (023) and (063) terms can form a coin- 
cidence since (023) can occur with (045) and (022), 
and (063) with (045) and (032). The discovery of the 
sign relations and coincidences is followed by an i terative 
process to adjust  and ex tend  a ten ta t ive  initial set of 
signs obtained from the coincidences so as to obtain best 
agreement  with the original data.  The me thod  described 
by Grant, Howells & Rogers is two-dimensional.  I t  can, 
with  very considerable advantage,  be ex tended  to three- 
dimensional  data  (Grant, Hine & Richards, 1960) 
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p r o v i d e d  the  full set  of sign re la t ions  a n d  coincidences  
can  be  found .  

The  co inc idence  m e t h o d  is s imple  a n d  compac t ,  and  
enables  large a m o u n t s  of ref lexion d a t a  to be h a n d l e d  
p rov ided  su i tab le  c o m p u t a t i o n a l  t echn iques  are  used to 
f ind t he  sign re la t ions  a n d  coincidences  in a reasonable  
t ime .  This  is pa r t i cu l a r l y  i m p o r t a n t  in a c rys ta l lograph ic  
l abo ra to ry  equ ipped  w i t h  a smal l  c o m p u t e r  w h e n  un-  
su i tab le  c o m p u t a t i o n a l  m e t h o d s  will  severe ly  res t r ic t  
the  n u m b e r  of d a t a  able  to be h a n d l e d  in a g iven  t ime.  
F o r  this  reason a genera l  descr ip t ion ,  w i t h o u t  deta i ls  
pecu l ia r  to the  pa r t i cu l a r  c o m p u t e r  used,  is g iven  be low 
of a s ign-re la t ion  and  co inc idence-search  t e chn ique  
wh ich  has  been  deve loped  for the  S tan tec  Zeb ra  com- 
pu te r .  This  is a smal l  c o m p u t e r  h a v i n g  8192 33 b inary-  
digi t  words  of m a g n e t i c  d r u m  storage,  a r r a n g e d  in 256 
t racks  of 32 words  each,  t oge the r  w i th  12 i m m e d i a t e  
access registers.  T h e  word  t ime  is 312/~sec giving an  
ave rage  oh-urn access t ime  of 5 msec.  I t  is a ve ry  basic 
c o m p u t e r  and  the  t echn iques  deve loped  for i t  should  be 
appl icable  w i th  a d v a n t a g e  to a n y  smal l  d r u m - b a s e d  
mach ine .  

Discovery of the s ign relat ions and coincidences  

The  re la t ion  (1) can  m o r e  useful ly  be w r i t t e n  in the  fo rm 

S(h)  ~ S(h~)S(he) , (2) 

w h e r e  h = h  2 - h  1. I n  this,  sign re la t ions  are  r equ i red  for 
all t e rms  h ,  f rom a m o n g  all t e rms  h i a n d  h 2 inc lud ing  
s y m m e t r y - r e l a t e d  te rms .  I n  the  descr ip t ion  of the  
co inc idence  m e t h o d  g iven  by  Grant ,  Howel l s  & Rogers  
the  p rocedu re  a d o p t e d  was  to f ind all  the  sign re la t ions  
for  a g iven  t e r m  h and  t h e n  to p roceed  to the  n e x t  h .  
Coincidences  were  o b t a i n e d  by  a subsequen t  analys is  of 
all  t h e  sign re la t ions  ob ta ined .  This  p rocedure ,  t h o u g h  
su i tab le  for g raph ica l  work ing ,  is qu i t e  tmsu i t ab le  in 
ana ly t i ca l  fo rm on a smal l  compu te r .  This  is because  
the  h i  a n d  h 2 t e rms  inc lude  those  g e n e r a t e d  f rom a 
u n i q u e  set  b y  t he  opera t ion  of the  space-group  s y m m e t r y .  
F o r  a search  a m o n g  the  h~, h e to be fast  it  will  be  neces- 
sa ry  to s tore  in the  c o m p u t e r  bo th  the  u n i q u e  t e rms  
plus  t he  s y m m e t r y - r e l a t e d  ones. The  a l t e r n a t i v e  of 
s tor ing  only  t he  un ique  t e rms  and  gene ra t i ng  s y m m e t r y  
r e l a t ed  ones will  be e x t r e m e l y  t i m e - c o n s u m i n g  since t he  
s y m m e t r y  app l i ca t ion  will  need  to be r e p e a t e d  for each 
t e r m  h,  and ,  for g iven  h ,  will  requi re  ve ry  f r equen t  exi ts  
f rom the  m a i n  search  loop. There  is also the  compl ica-  
t ion  t h a t  f u r t h e r  process ing  of t he  sign re la t ions  will  
be necessa ry  to  ob ta in  t he  coincidences .  

I n s t e a d  of this  p rocedure ,  therefore ,  the  fol lowing one 
is r e c o m m e n d e d :  f ind  all t e rms  h h a v i n g  a sign re la t ion  
invo lv ing  a g iven  pa i r  h~, h e inc lud ing  s y m m e t r y - r e l a t e d  
t e rms ,  a n d  t h e n  p roceed  to the  n e x t  pa i r  of h 1, h 2. This  
resul ts  in the  i n n e r m o s t  loop of t he  p r o g r a m  be ing  
conce rned  w i t h  a search  t h r o u g h  the  (unique) h t e rms  
a n d  m e a n s  t h a t  no ineff ic ient  exi ts  for s y m m e t r y  appl ica-  
t ion  are  requ i red .  The  s y m m e t r y  ope ra t ion  needs  to be 
app l ied  to  t h e  h 1, h e m u c h  less f r equen t ly ,  a n d  it  is now 
prac t i cab le  to s tore  on ly  the  u n i q u e  h~, h 2 t e rms  and  to 
gene ra t e  s y m m e t r y - r e l a t e d  ones.  F u r t h e r m o r e ,  the  t e rms  
h h a v i n g  a sign re la t ion  w i t h  a pa r t i cu l a r  pa i r  of h~ 
a n d  he, inc lud ing  s y m m e t r y - r e l a t e d  t e rms ,  are  t he  
coinc idences  a n d  are  a u t o m a t i c a l l y  found  and  recognized  
du r ing  the  s ign-re la t ion  search.  A sepa ra te  search a m o n g  
the  sign re la t ions  to f ind coincidences ,  as r equ i red  in t he  
p rev ious ly  descr ibed  p rocedure ,  is n o t  needed .  

F o r  example ,  in space g roup  P2x/c, U(hkl)=sU(hTd)= 
sU(hkl) = U(hkl) where  s represen ts  t he  sign of the  t e r m  
and  is plus for ( k + l )  even  and  m i n u s  for  ( k + l )  odd.  
I n  this  case the  t e rms  exist ,  in genera l ,  as q u a r t e t s  
where ,  d e n o t i n g  (hkl) by  h,  the  q u a r t e t  m a y  be g e n e r a t e d  
b y  ~h =iCh,  w h e r e  iC appl ies  t he  sign change  to  t he  
indices,  i.e. 1C gives (h/c/), 2C gives (h/cl) etc, and  also 
applies  the  sign change  s to U(hkl) etc. N o w  a sign re la t ion  
exists  be tween  two t e rms  iCh~ and  JCh 2 for a t e r m  
h if h = J C h  2 - i C h l ,  a n d  if, for g iven h I and  h 2 (but  
d i f fe ren t  iC and ,  or, JC), two or  more  h sa t is fy  this ,  
t hen  these  h fo rm a coincidence .  

The  cu r r en t  S t an t ec  Zebra  p r o g r a m  in which  this  has  
been  appl ied  s tores  the  h,  h~ and  h e as da ta .  Pa i r s  of 
h l  and  h 2 are  selected and  all the  combina t i ons  JCh 2 - ~Ch 1 
possible for the  pa r t i cu l a r  space g roup  are  set up  and  a 
search m a d e  t h r o u g h  the  h ' s  w i th  each c o m b i n a t i o n  in 
tu rn .  All sign re la t ions  and  co inc idences  found  are  s tored  
for la ter  o u t p u t .  W h e n  all comb ina t i ons  h a v e  been  
checked ,  a new hx and  h e are  se lected and  the  process  
r epea ted .  As usual ,  cons iderable  t ime  is saved  by d iv id ing  
the  ini t ial  d a t a  in to  p a r i t y  groups  eee, eeo, etc, accord ing  
to w h e t h e r  t he  indices h, /c and  1 are  even  or odd,  and  
us ing  only  those  h I and  h 2 p a r i t y  groups  for  wh ich  sign 
re la t ions  can  occur  for t he  pa r t i cu l a r  h p a r i t y  g roup  
involved .  O u t p u t  of sign re la t ions  and  co inc idences  
n o r m a l l y  occurs  w h e n  the  comple t e  set  for a pa r i t y  g roup  
of h has  been  found.  At  a n y  t ime,  therefore ,  t he  s tore  will  
be r equ i red  to hold  only  one e igh th  of t he  to ta l  n u m b e r  
of sign re la t ions  and  coincidences  possible for the  com- 
p le te  set  of h .  If,  however ,  this  still exceeds  capac i ty ,  
t he  list to  t h a t  po in t  can  be o u t p u t  and  the  search  
c o n t i n u e d  wi th  no serious consequences .  

Some computat ional  detai ls  

Best  use will  be m a d e  of t he  c o m p u t e r  in the  a b o v e  
p rocedu re  if the  indices  h, k, 1 of each t e r m  of the  d a t a  
are  p a c k e d  in to  one c o m p u t e r  word .  If  this  is done ,  
once the  combina t i ons  J C h e - i C h  1 have  been set up ,  
the  search  a m o n g  the  h will  be fast.  This  will  be so even  
on a c o m p u t e r  w i th  pure ly  d r u m  s torage  since the  p rob l em 
is s imply  one of c o m p a r i n g  one c o m p u t e r  word ,  r epresen t -  
ing a g iven  J C h 2 - i C h l ,  w i th  a serial  list of words ,  
r ep re sen t ing  the  h,  un t i l  equa l i t y  is found  or  un t i l  all 
the  h h a v e  been  examined .  T h e  app l ica t ion  of t h e  
a p p r o p r i a t e  s y m m e t r y  to  the  indices  of the  h i ,  h s t e r m s  
w h e n  the i r  indices  are  p a c k e d  in to  one word  is a s imple  
m a t t e r  and  can be car r ied  ou t  in a few word  t imes  even  
in a c o m p u t e r  such as Zeb ra  whe re  the  on ly  logical  
a r i t hme t i c  ope ra t ion  is an  and  order .  This  s y m m e t r y  
va r i a t ion  can be con t ro l led  by  code words  r ep re sen t i ng  
the  iC for  each p a r i t y  group,  one word  for each ~C. 
In the pre~ent Zebra program provision is made ~or 
up to  128 t e rms  pe r  pa r i t y  group,  i.e. a to ta l  of 1024 
t e rms  for e igh t  p a r i t y  groups,  wi th  indices  of m a g n i t u d e s  
n o t  g r ea t e r  t h a n  63. 

I wish to  express  m y  t h a n k s  to Dr  D.  F .  Gran t ,  
Mr R . G .  Howel l s  and  Dr  J . P . G .  R i c h a r d s  for ex- 
t r e m e l y  helpful  discussions du r ing  the  course  of th is  
work .  
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